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Minimal Surfaces in Euclidean Four-Space.* 

By Luther Pfahler Eisenhart. 



Introduction. 



}o) 



By definition a minimal curve in Euclidean four-space, 2 4 , is one whose 
coordinates sc, y, z, t satisfy the condition 

dx* + dy 2 + dz 2 + dt 2 = 0. 

Kecently we have observed f that such a curve can be defined in terms 
of a unique parameter, so that its coordinates are expressible in the form 

x = $ — u <p' + ty, i y = ty — u <p' — 4 1 ') 
z = $ — u4>' — 4>', it = — Tp + uty — <?>', 

where i = V — 1. 

If we have two such minimal curves in 2 4 , the locus of the mid-points of 
all joins of points on the two curves is a two-dimensional spread in 2 4 which, 
being analogous to a minimal surface in ordinary space as defined by Lie, t 
we call a minimal surface in 2 4 . This paper is a study of minimal surfaces 
in 2 4 and sets forth many results analogous to the established theorems con- 
cerning ordinary minimal surfaces. 

As introductory to the subsequent study, § 1 deals with minimal curves in 
Euclidean four-space defined in the form (1), and in particular the transfor- 
mations of u, $, ^ corresponding to rotation of the coordinate axes and to 
reflection of the curve in a hyperplane. The section closes with a discussion 
of certain plane minimal curves. 

In § 2 certain properties of the general two-dimensional spread in four- 
space are stated, generally without proof, and the general equations are given 

* Read before the American Mathematical Society, September 12, 1911. 

t "A Fundamental Parametric Representation of Space Curyes," Annals of Mathematics, Series II 
Vol. XIII (1911), pp. 17-35. 

% "Beitrage zur Theorie der Minimalflachen," Mathematische Annalen, Vol. XIV (1879), p. 339. 
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216 Eisenhaet: Minimal Surfaces in Euclidean Four-Space. 

for future use. These results are taken from memoirs by Karl Kommerell* 
and Levi, f and the reader is referred to these papers for the proofs of the 
theorems and formulas. 

A minimal surface may be defined as one for which the first variation of the 
area-integral vanishes. In § 3 this definition is shown to be equivalent to the 
one previously used, and the nature of the characteristic is observed. With the 
introduction in § 4 of the normal parameters and functions for the minimal 
curves on the surface the formulas assume elegant forms, from which follows 
a direct discussion of the properties of the surface in the neighborhood of a point. 
The changes of parameters produced by the rotation of the surfaces and certain 
results of this investigation are studied in § 5. 

Kommerell % has studied the surfaces in four-space defined by an equation 

of the form ... ~ , , . x 

2 + %t—j(x + %y), 

where / is analytic in the domain considered, and he has shown that these 
surfaces are minimal. They are considered briefly in § 6 from the point of 
view of this paper. 

When the normal functions $, 4 an( 3 4> , ^o are algebraic functions of u 
and u respectively, the minimal surface is algebraic. The proof of the converse 
is given in § 7. It is shown in § 8 that with each minimal surface there are 
associated a group of applicable minimal surfaces which are analogous to the 
associated minimal surfaces of ordinary space. We use the same term for these 
surfaces and obtain a number of theorems which set forth other relations between 
the surfaces of such a family. 

§ 1. Minimal Curves. Rotations and Reflections. 

From equations (1) we have 

dx-\-idy dz — idt , •> 

dz + idt dx — idy ~ ' ^ ' 

When a minimal curve is defined in terms of a general parameter, equations (2) 
enable one to determine the normal parameter u in terms of which the equations 
of the curve assume the form (1). From its method of derivation this parameter 

* "Die KrSmmung der zweidimensionalen Gebllde im ebenen Raum von Tier Dimensionen," Thesis, 
Tubingen, 1897; also, "Riemann'sche Flaehen im ebenen Raum von vier Dimensionen," Mathematische 
Annalen, Vol. LX (1905), pp. 548-596. 

+ "Saggio sulla theoria delle superficie a due dimensioni immerse in un iperspazio," Thesis, Pisa, 1905. 

J Loc. cit., p. 548. 
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u is necessarily unique. Moreover, the normal functions q> and 4- are determined 
by the quadratures , 

St =-*(" + **>' 

d^ 



du 



= h(x — iy)- 



(2') 



It is important for us to study the effect upon the form (1) of a rotation of 
coordinate axes. It is a known fact that the most general rotation in Euclidean 
four-space may be decomposed into two simple rotations each of which leaves 
a plane two-spread unaltered point for point, and these two invariant planes are 
perpendicular to one another with only one point in common.* The equations 
defining the change of coordinates due to a simple rotation may be written 

Bx x = (1 +/ a — a 8 + # 8 — b 2 + h 2 — c 2 )x + 2 (a — bh + cg)y 
+ (b — cf + ah)z + 2{c — ag + bf)t, 



By 1= z 2(—a + cg + ah)x + (l + / 2 



a' 



-|-53__^2 + c 2_£2)y 



(3) 



} (4) 



-+- 2(h+fg — ab)z+ 2 (— g + hf — ac) t, 
Bz x — 2(— 5 — c/+ ah)x + 2 (— h +fg — ah)y 

+ (1 + 9 s — P + c 2 — h 2 + a* — V»)e + 2(/ + gh — bc)t, 
Bt x = 2(— c + bf—ag)x + 2(g+fh — ac)y 

+ 2(—f+gh — bc)z + (1 + 7a 2 — c 2 + a 2 — / 2 + b 2 — g 2 )t, J 

where a, 6, c,f, g, h, B are constants satisfying the conditions 

af + bg + ch = 0, 

B = 1 + a 2 + b 2 + c 2 + / 2 + g 2 + 7i 2 . 

In this rotation the invariant plane is defined by 

(a 2 + b 2 -j- c 2 )x — (a — bh + cg)y — (b — of + ah)z 

— (c—ag + bf)t = 0, 

(a — eg — b h) x + (a 2 + g 2 -f- 7i 2 ) y — (Ji+fg — a b) z 

+ (g — hf + a c) t = 0. 

The simple rotation, whose invariant plane is perpendicular to (5) and has 
only one point in common with it, is defined by equations similar to (3) in which 
the constants a', b', c', /', g', h' are given by 

a' = ef, b' = eg, c' = eh, f = ea, g' = eb, h' = ee, (6) 

where e = ± 1. 

* Of. Cole, "On Rotations in Space of Four Dimensions," American Journal of Mathematics, Vol. 
XII (1890), pp. 199-210; also Cayley, "Sur quelques propri^tes des determinants gauches," Crelle, Vol. XXXII 
(1846), pp. 119-133. 
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The minimal curve given by (1) may be defined by equations of the same 
form for x lt y lf z u t x in terms of three functions, u lf $ 1} r ^ 1 . From (1) and (2) 

it follows that 

u _ dx x + idyy 
1 dz x + idt x ' 

$i = l !>i + *>i — «i (% + *0], 
4-1 = i Oi — ih + u x (sr : — iy x )]. 

By means of (1) and (3) these may be reduced to 

1 i-{b-9) + i(h-c)-] u + [1 + i (a-/)] ' ^ 

and 

a _ [!-*(« +/)] $ + [(g + ft) + »(o + 7Q1 4 
91 [-(6-^) + »*(A-c)]t»+[l+.-(a-/)]' 

, _ -[(y + ft)-»( + A)]4> + [l+»(a+/)]^ 
Vl l-(b-9) + i{h-c)]u +[!+,-(«_/)] ' 

In order to obtain the equations of a general rotation, that is, one which 
does not leave a plane invariant, we must combine the foregoing with a similar 
transformation suggested by (6). We consider the two cases separately. 

If we denote by « 2 , $> 2 , ^ the functions arising from u lt q> lf 4i when the 
constants have the values (6) with e=l, the equations of the transformation 
are readily obtained from (7) and (8). Applying the two transformations con- 
secutively, we have 

u 9 . = u. 



(8) 



+> = || -[(? + &)-•> + A)]* + [l-f + »>+/)] *}• 
Proceeding in like manner with the case e = — 1 in (6), we obtain 
[l_!_i(a_/)]« + [&_ fl r + ,-(ft-c)] 

where Z7i denotes the denominator of the expression for « 2 . 



(9) 



(10) 



(13) 
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Conversely, it can be shown that the minimal curve whose normal parameter 
and functions are 

u, = u, fa = a J±+^±, ^ = «.» + ^ f (n) 

where a lf a 2 , a 3 , a 4 are constants and 

A % -=-a x a ii — a 2 a 3 , (12) 

differs from the curve (2) by the rotation defined by 

Xl= JJ ^ ai + a i) x + ( a i — a i) { V + ( a 2 ~ a s) z — e K + a s) i f], 

Vx ~YA [( a t — a i) ix + ( a i + a i)y — ( a 2 + a,) te + e(a 3 — a,)<], 

% = 2j; K°8 — ««)» + K + a s)*2/ + («i + a i) z + e(a 1 — a i )it'\, 

h = 23 i e ( a 2 + «s) »* + « («2 — «s) 2/ + e (a* — «i) »z + («i + «*) <], 

where e = 1. 

In like manner the curve for which 

«i=- — -f— -, $i = i — , ^1= 7 — (14) 

differs from (2) by the rotation defined by (13), where e = — 1. 

It should be remarked that a necessary and sufficient condition that the 
rotation be real is that a lf a 4 and a Zl — a 3 be pairs of conjugate imaginaries, 
which condition is satisfied in the case of (9) and of (10). 

Having thus considered the change in the normal parameter due to a 
rotation, we consider next the effect of a reflection in one of the coordinate 
hyperplanes. For example, the reflection in the plane t = of the curve (1) 
gives a curve whose equations are the same as (2) except the last, which merely 
differs in sign. If we write the equations of the reflected curve in the same form 
as (1), but in terms of u u fa, ^i, it is readily found that* 



fall 

fa = A — u$' + (uV — tyty- 



(15) 



* This result coincides with the transformation from one normal parameter to the other of a twisted curve 
in three-space. Cf . Annals of Mathematics, loc. cit., p. 19. 
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The reflections in the other coordinate hyperplanes lead to similar results. 
In a more general way one may find the transformations corresponding to a 
reflection in any hyperplane whatsoever. 

A particular minimal curve which is of interest in the subsequent study 

is that for which , ^ „ N 

$ = c^, (16) 

where c denotes a constant. In this case equations (1) reduce to 

x = ci'+ (1 — cu)i>', iy = c^ — (l + cu)4/, \ 

z — ^> — (u + c)V, it= — 4< + (u — c)i//. J *■ ' 

From these equations we find that the curve lies in the plane which is the inter- 
section of the two isotropic hyperplanes 

c(x — iy) + (z + it) = 0, I 

x + iy — c(z — it) — Q. J ' 

For the minimal curve (17) equations (15) reduce to 

«i = c, <fr = 0, ^ = 0. 
Hence, the curve 

x = c4> + (1 — cu)i>', iy = oJ/ — (1 + cu)V, 1 

z—^ — (u + c)4>', it = ^ — (u—c)4>', J *• ' 

can not be defined by equations of the form (1). Conversely, it follows from (2) 
that a minimal curve whose equations can not be put in the form (l) lies in a 
plane whose equations are 

x + iy — c(z-\-it) = a, c(x — iy) -f (z — it) = b, (20) 

where a, b, c are constants. 

§ 2. Two-Dimensional Spreads in Four-Space and Their Properties. 

The general two-dimensional spread or surface in four-space may be defined 
by equations of the form 

« = 4) 1 (M,y), y = ^(u,v), z = $ 3 (u,v), * = <£ 4 («,*,), (21) 

where the functions fy are analytic within the domain considered. 

The tangent at the point (u, v) to the curve on the surface determined by a 
relation between u and v has equations of the form 

X— x — 7, (a?io du -f- x 01 dv), Y — y = X (y 10 du + y 01 dv), \ .^. 
Z — 3 = a, (2i du + % dv), T — t =h{t K du-{- 1 01 dv), I 
where /I denotes a function of u and v and 

_ d* +f x 

Xi} ~du i dv j ' 
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If we consider these equations for all values of du and dv, they define a plane 
which we call the tangent plane at the point. This tangent plane is the plane 
common to the one-parameter family of tangent hyperplanes whose equation is 

a (X — x) + b (Y — y) + c(Z — z) + d{T— t) = 0, (23) 

with 

«*io + by 10 + cz 10 -\- dt 10 = o, ax 01 + by 01 + c% + dt 01 = 0. (24) 

The plane which is normal to the tangent plane at (u, v) and has only this point 
in common with it is called the normal plane to the surface at the point. Its 
equations are 

(X-x)x 10 +(Y-y)y 10 + (Z-z)z 10 + (T-t)t 10 = 0, 1 
(X-x)x 01 + (Y-y)y 01 +{Z-z)z 01 + (T-t)t m = 0. J V ; 

The hyperplane whose equation is a linear combination of these equations 
is called a normal hyperplane. There is a one-parameter family of normal 
hyperplanes at each point of a surface. 

The normal planes at the points (u, v) and (w + du, v + dv) meet in the 
point determined by the planes (25) and 

2 (X — x) (x 20 du -f x n dv) — 2 jcfo du — 2 a; 10 a% dv = 0, 
2 (X — x) (x n du + <% dv) — 2 x 01 x 10 du — 2 #oi dv = 0. 



} (26) 



Solving these four equations for X — x, Y — y, 



T — t, we have 



X- 



x 



{ED' X — FD X ) du 2 + (ED'J — GD X ) du dv + (FD'J — GD' X ) dv* 
edu 2, + 2fdudv + g dv* ' 

• FD y ) du* + {EDI — GD v) du dv + ( FD v - QD '^ dv * 
edu* + 2/ dudv + g dv* ' 



y = &: 



Z—Z — 

T— t = 

where 



(27) 



Dr 



Via z io ^io 




2/io, ••• 


2/oi % ^oi 


, D' x = 


2/oi , • • • ■ 


2^20 2 20 ^20 




Vi\ , • • • • 



DL 



2/io, 

2/oi, 

2/02, 



(28) 



and D y , . ■ ■ ■ , D' t ' denote similar functions, and where 



x 10) . . • • 




x 10) .... 




x 10l .... 


x Q1 , .... 
<%, • • • • 


, 2/ = 


x 01f .... 

#20, . . . • 


, 9 = 


x 01 , .... 
x n , 


x n , .... 




Xqz , • • • • 




<% > • • • • 



(29) 
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If dv/du be eliminated from equations (27), we find that all the points thus 
determined in the normal plane at the point (u, v) generate a conic, which 
Kommerell* has called the "characteristic". In certain ways this conic is the 
analogue of the Dupin indicatrix of an ordinary surface in the study of the 
geometry of the surface in the neighborhood of the point. 

"We have seen that through each point (u, v) of a surface S there passes a 
single parameter family of hyperplanes normal to 8, and that these hyperplanes 
have in common a unique plane — the normal plane to the surface at the point. 
Each of these normal hyperplanes meets the surface in a curve whose center of 
first curvature lies in the normal plane. Kommerell f and Levi| have shown 
that the locus of these centers of curvature is the first pedal curve of the 
characteristic with respect to the point (u, v) of the surface, that is, a lemniscate. 
Hence there are four maxima and minima radii of normal curvature. They are 
called the principal radii of normal curvature, and the corresponding directions 
of the normal hyperplane are called the principal directions. The curves on the 
surface determined by these directions are called the lines of curvature. 

Kommerell shows § that the lines of curvature are characterized by the 
property that the corresponding point of the characteristic lies in the corre- 
sponding osculating plane of the curve. By means of this result it may be 
shown that the equation of the lines of curvature is 

2 (D x du 2 + 2D x dudv + D'J dv 2 ) [(ED X - FD X ) du 2 

+ {ED X > -GD x )dudv+ (FD'J - G D' x ) dv 2 ] = 0, { } 

and that the principal radii of curvature are given by 

3 _ (EG — F 2 ) ( E du 2 + 2 Fdu dv + G dv 2 ) 2 . . 

p 2{D x du 2 +2D x dudv + D x 'dv 2 ) 2 ' [ } 

when the values dv/du from (30) are substituted in this equation. || 

§ 3. Definition of Minimal Surfaces. 

As in the case of ordinary surfaces, we put 

E = 2x 2 , F=2x 10 x 01 , G = 2x 2 01 , (32) 

and 



U-s/EG—F 2 , (33) 

where the summation extends to terms in x, y, z, t. The element of area of the 

* Loc. cit., p. 22; p. 560. \ Loc. cit., p. 50; p. 563. % Loo. "it., pp. 67, 68. 
§ Loc. cit., p. 37; p. 566. | Of . Leyi, loc. cit., p. 58. 
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surface is given by Hdudv, and the area of a portion of the surface has 
the value 

a=ff Hdudv. (34) 

By definition a minimal surface is one which minimizes the integral (34) 
for a given contour curve. We proceed to the determination of the conditions 
to be satisfied by the equations of a surface in order that it be a minimal surface. 

The first variation of (34) may be written 



— I I Ehr 5 f" 5~ 5 — & x d ,u dv. 

J J ^\_ouox 10 dvox 01 j 



In order that Sa be zero, the expression in the brackets, and similar expressions 
in y, z, t, must be zero. We note that 

H; = H i^G-^n |£ = A. (x 01 E-x 10 F). 

Hence the vanishing of the four parentheses requires that x, y, z, t satisfy the 
equation 

ff *.-»'*»+**.+*.[r.(»)-^(l)] + «-K(B)-^(»)]= - 

Thus far the parametric curves have been perfectly general. Let us assume 
that they are the lines of length zero, or minimal lines, so that E=G = 0. In 
this case the above equation reduces to 6 U = 0. Since the converse of this result 
is evidently true, we have the theorem : * 

The general minimal surface in four-space is a surface of translation whose 
generating curves are minimal and conversely. 

That is, the general minimal surface is defined by 

*=/i(«*) + *i(«)f y = /•(«) + ft (»), 1 / 35 n 

* = /»(«) + to(v), < = /«(«)+*«(*), J 

where 

2// 8 = 0, 2fc" = 0, (36) 

i i 

the primes indicating differentiation with respect to the argument. 

* It should be remarked that this result may be extended without change to the case of a minimal two- 
spread in »-space. Cf. Levi, loc. eit., pp. 90-92. 

28 
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For a minimal surface referred to its minimal lines and denned by (35), 

Wehave E=G = 0, F = XfW, (37) 

and from (28) and (29) it follows that 

D' x = D' y = D'^D' t = 0, e = g = 0. (38) 

From this last result and the form of equations (27) follow the theorems: 

The asymptotes of the characteristic at any point on a minimal surface correspond 
to the directions of the minimal curves on the surface through the point. 

The characteristic at each point of a minimal surface is an ellipse or a circle. 
(Cf. § 6.) 

When the conditions (37) and (38) are satisfied, the equations (27) reduce 

to the form 

r_™ — _ 

»/ 
In like manner from (28) we have 

Dl = F(2x 10 x 01 - F)^xl + F"xl + xj (^y - 2F^x 1Q x 20) 

D X D' X ' = F(2 x ia x 01 — F)2 x. 2Q x® + F z x w a? 03 



*-=£(«'£-*£)• <»•> 



,dFdF (w v ndF w dF 

+ du~ d~v~ ( Xl ° Xoi > ~ F du~ XloX ®~~ F fo Xo1 Xzo > 

D'J* = F(2x 10 x ol - F)2xl + F»x* u + <(^) ~ 2F ^ '****• 

From these and similar expressions for D$, . . . ., Z> t " 2 , we obtain 
Zni=-F*2xL t XD' lz =-F"XxL t 



(40) 



2D.D; = j(^|J-n^^). 



(41) 



§ 4. Normal Parameters and Functions. 

From (35) and (36) and the results of § 1 it follows that any minimal surface, 
whose minimal curves do not lie in planes of the type (20), may be defined by 
equations of the form : 

x— l[$-u<p' + 4,' + ^— «„<?>o + 4o], 

iy— \\$ — «$' — ■4'' — ^o + mpo + ^S\, 

it = — * W' — i*V + $'— ^o + «^o— *o]f 
where the parameters u and u and the functions 4>, <£> , 4 1 , 4*0 are determined by 
equations similar to (2) and (2'). 



(42) 
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It should be observed that the functions q>, q> , "$>, ^o are determined only 
to within additive integral functions of the first order, provided that translations 
of the surface are disregarded. In fact, if these functions be replaced in (42) by 
the respective functions 

it is found that the right-hand members of the above equations are increased by 
the respective constants 

i (a 2 + Cj + b 2 + dj, i (a z — Cl —b s + dj, 
i (c 3 — ai + d z — bj), —i(c 2 + a 1 —d s + bj). 

Conversely, by such a change of functions any translation can be effected. 
In terms of these functions the coefficients E, F, G have the form 

E=G = 0, F=Hl+ ««o)(<W + W* 1 )- (43) 

Moreover, the expressions (41) are reducible to 

2& X = F»U, 2D^ = F*U , 



XB M >=-F[£±^VU t+(r f-^ 



(44) 



where, for the sake of brevity, we have put 

U= <p»V»- <p'"V, U = <pWo"- <&"•&'. (45) 

From these results it follows that the equation (30) of the lines of curvature 
on a minimal surface defined by equations (42) reduces to the simple form 

Udvl— Z7 c?mJ = 0. (46) 

If we put 

/ & Udu =■ u -\- iv, f\f U du = u — iv, (47) 

it follows from (46) that the lines of curvature are defined by 

u = const., v = const. ] 

\ ( 48 ) 
u + v = const., u — v = const. J 

Hence we have the theorem : 

When equations of a real minimal surface are written in the form (42), the 
determination of the line of curvature reduces to the quadrature 



f a/^'" — tft'V'du. (49) 

If K denotes the Gaussian curvature* of the quadratic form which is the 

*Cf. E., p. 155. A reference of this kind is to the author's Differential Geometry. 
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square of the linear element of the surface, when the coefficients have the form 
(43), then 

1 r F» (l + uu o y 1 

A F»L(l + uuoY + 4 UUo ]- ( 50) 

The formula (31) gives the radius of first curvature of the eurve in which 
the surface is cut by the normal hyperplane whose direction is determined by 
the corresponding value of dv/du* When the values from (43) and (44) are 
substituted in this expression, we have 

±_ J_ r(l±^o) s tjtj + F> 1 1 [rrf duS )*4- 77 ^ M »V1 art 

p 3 - 2 H 4 UUo + (i + uu Q y]-^Fl u \dVJ + Uo \du)\- (51) 

One shows without difficulty that the direction which makes the angle 7t/4 
with the direction defined by 

is given by 

Hence if p' denotes the radius of normal curvature in a direction making the 
angle 7i/4 with a direction whose radius of normal curvature is p, we havef 

y + -^T=-K. (52) 

A particular case of this is afforded by the normal curvatures in the 
directions of two lines of curvature inclined at the angle n/4 to one another. 
One finds from (51) that the principal radii of normal curvature are given by 

2F 8 
r-ri + uu, sF "I" (53) 



P 2 - n+^ sF j> 

L 2 VU(/ °-l + uu ] 



where s = ± 1 and the corresponding directions are given by 

\TUdv? — e \Z~U du% — 0. 

The necessary and sufficient condition that the lines of curvature be inde- 
terminate is that Z7= U = 0. In this case p is the same for all directions, and 

*Levi, loe. cit., p. 58. 

■j- Cf. Hovestadt, Programm des Minister' schen Realgymnasiums (1880); also Kommerell, loc. cit, p. 33. 
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it may be seen also from (39) that the characteristic is a circle with the point 
(u, u ) of the surface for center, and only in this case. Hence we have the 
theorem : 

A. necessary and sufficient condition that the characteristic he a circle is that 

<pny» _ tfityi = o, <p' a 'W — <p' Q "W = ; (53') 

in tliis case the center is at the point (u, u ) of the surface, so that the locus of the cen- 
ters of normal curvature for the point is the same circle, and the lines of curvature 
are undetermined. 

§ 5. Change of Normal Parameters. Rotations. 
The particular value of the form of equations (42) lies in the fact that if u 
is the conjugate-imaginary of u and the functions q> and t^q are conjugate to <£> 
and "4/ respectively, the surface is real. In view of results of § 1 it is evident 
that the equations of minimal curves on the surface, and consequently the equa- 
tions of the surface, may be given other similar forms. For example, the 
equations of the curve of parameter u may be expressed in terms of a different 
parameter « 2 such that its equations shall be of the same form as the curves of 
parameter u. The conditions necessary and sufficient to this end are 

urf>i" — W = («&&' - ■&') ^ , «*!*{' +W = - (««*£' + W) ^ , 

*vw + <pi' = K^' + <&') g^ , ^^r — *," = — c«o^' — ^') |^ , 

which may be shown to be equivalent to 

•*->-£-, *> = ^+<*, * = *=* + <.. («) 

where c 1} c 3 , c 3 , c 4 denote constants. Evidently these are necessary and sufficient 
conditions that the two generating curves shall be superposable by a translation. 
Furthermore, if we put the expressions (54) for u 1} q> lt ^ in equations (7) and 
(8), or for u z , <p 2 , ^z i n ( 9 ) ar »d (10)> and solve for u , <p , ^ , we find the neces- 
sary and sufficient conditions which these latter quantities must satisfy in order 
that the two generating curves be congruent. These conditions are readily 
found and will not be written out here. 

The results of § 1 dealing with the effect upon the normal parameter and the 
normal functions of rotation of the coordinate axes, or what is the same thing a 
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rotation of the curve itself, may be extended to minimal surfaces. In fact it 
can be shown that the minimal surface whose normal parameters and functions 
are in the following relation to those of the surface (42), 



h — u ) w io — u o> 9*1 — j^ > Vio — 2 



$i- 



, <*& + a& , _ —a*h + <*&<> A— an— an 



A 



r (55) 



may be obtained from the surface (42) by the rotation defined by equations (13) 
when e = l. 

In like manner the surface for which 

_ ajU + a s _ QjUq — a 3 _ 

^-asu + at' Uw --a 2 u + ai > A — a^ — a^, 



d> - A * * = A $° 

?1 a 3 u + « 4 ' ^ 10 — a 2 u + a x ' 

. _ Aj, _ 4^ 



a 3 u + et 4 ' T1U — a 2 u + a a 



(56) 



differs from the surface (42) by the rotation defined by the equations (13) when 
e= — 1. 

The second of the foregoing results may also be stated as follows : 

// there exists between two minimal surfaces a relation such that their normal 
parameters are linear fractional functions of one another, as (56), either of the sur- 
faces may be so rotated that the normal parameters become equal; in this case the 
new and old functions q> and 4 of the rotated surface are in the relations (56). 

§ 6. Surfaces of Biemann. 

Kommerell* has given the name Riemann surface to the two-dimensional 
spread in plane four-space, defined by 

z + it=f(x + iy), (57) 

where / is a function of the complex variable x -f- iy analytic in a determined 

*Loc. cit., p. 548. 
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domain of this variable. It may be shown* that the most general Riemann 
surface is defined by 

x — x, y = y, z = u(x, y), t = v(x, y), 
where u and v satisfy the Cauchy-Riemann equations 

du dv du dv 

dx dy ' dy~~ 3* " 

Kommerell f has shown furthermore that all of these surfaces are minimal sur- 
faces, as defined in § 3. 

We shall now determine in what manner these surfaces are characterized 
by the normal functions ty and 4>- To this end we observe that the Jacobian of 
the functions x + iy and z + it as given by (42) is 

(1 + wioWW- 

Hence if we disregard translations, we have the theorem : 

The necessary and sufficient condition that the minimal surface defined by (42) 
be real and satisfy the condition (57) is that 

^ = <£ = or i|/ = iJ/ = 0. 

If $ = $ = 0, equations (42) become 



JC = K4/ + ^), y = ±W—U), 



z 



= I (i|/ — «4/ + 4-0 — wo^o), t = -z{4' — uy — 4'o + «o^o) 



(58) 



From (58) it is evident that the curves u = const, lie in planes parallel 

to the plane 

x + iy = 0, z + it = 0, 

and the curves u = const, in planes parallel to the plane 

X — iy=zQ, z — it = Q. 

In § 5 we have seen the effect of a rotation of axes upon the equations of a 
minimal surface. Comparing equations (55) and (56) with the preceding results 
of this section, we have the theorem : 

The necessary and sufficient condition that a minimal surface defined by (42) 



* Loc. cW.,p. 571. \Loc.cit., p. 586. 
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be a real Riemann surface is that the functions ^>, fyo, 4*, ^o satisfy the conditions 

a( p + b^ — 0, a 4>o + & o 4-0 = 0, (59) 

where a, b are constants, and a , b are their respective conjugate imaginaries. 
From this result and (18) it follows that 

The minimal surfaces of Riemann are characterized by the fact that their 
minimal curves lie in planes whose equations are of the form 

a(z-\-it) — b(x — iy) = c, a (x + i y) + b (z — i t) = d, 

and 

a (z — it) — b (x + iy) =c , a (x — iy) + b (z + it) = d , 

where c, d are constants and c , d are their conjugate imaginaries. 

Since equations (59) are equivalent to (53'), we have the following theorem: 

A necessary and sufficient condition that the characteristic at each point of a 
surface be a circle is that the surface be of the Riemann type; the center of the circle 
is at the corresponding point of the surface. * 

§ 7. Algebraic Minimal Surfaces. 
If we put 

t _ 9 («> y) t — d(a,g) t — g («» 

1/12 _ 3 («, u ) ' Jls ~d (u, u ) ' Ju ~d («, « ) ' 

r _ 3(y,g) r — d(y,t) T _ d(z,t) 

^~3M' ^~3M' ""3(» ) «,)» 
we have 

-t = "12 > "13 I • • • * T "34 = ^* ^10 • « ^Ol (^ ^10 ^Ol) • 

If we put further 

P — _ P — !^i (i — l i > 4 > * ± A 

we find that 

•Pl2 T" P\% T -M4 + -*23 4" -?24 4" *34 == *> 
-^12 -f*34 + -Pl4 -Pz8 ■* 13 -f 24 == 0. 

We may call the functions P i5 the direction-cosines of the tangent plane. 

* Kommerell, loc. cit., p. 580, shows that each surface of Riemann possesses this property, but not that 
it is characteristic. 



(60) 



} (61) 
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When the expressions (2) are substituted in the above equations and we take 

/=-»Jf=-i(14-««o)* 1 , 
where 

$1 = $1 $ + V> ,/,» <D 2 = <{>» W + < ■*», $3 = <*>" W - *o' 4", 

we find 

_ WW — «»o<?>"<?>o' p — 1 P5? 4- w ~ M o 1 

13 ~~ (1 + utio)*, ' 13 2U>i ««o+lJ' 

Pw ~ tL^tt^J' ^-tL^ + t+^oJ' r ( 62 ) 

^*~ 2L*i l + ««oJ' (1 + m«o)<E>i " 



From these equations we obtain the following : 

As — Pu — u + up Pis + Pu — i (g — O 



1 + P 12 -P 84 2 ' i + P u _P, 



34 



(63) 



We are now in a position to establish the theorem : 

The necessary and sufficient condition that the minimal surface defined by (42) 
be a real algebraic surface is that the functions ty, <£> , <^, ^o oe algebraic. 

From the form of equations (42) the sufficiency of this condition is evident. 
In order to establish its necessity, we make use of the following theorem of 
Weierstrass : * 

Given a function <£ (£ + i rj) and let *P (£, r;) denote the real part of <3> ; if in a 
certain domain an algebraic relation exists between ty, £ and 57, then <& is an algebraic 
function of £ + ir\ for that domain. 

In applying this theorem, we observe that, since 

3 (a, y) — I & y) d K up) 

d (u' t ul) d (u, u ) ' d « Mq) ' 

the direction-cosines are absolute invariants under a change of parameters. 
Hence, equations (63) give the relation between any set of parameters and the 
particular ones u, u which lead to the form (42). 

* Monatsberichte der Berliner Akademie (1867), pp. 511-518; also E., p. 261. 

29 
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An algebraic minimal surface may be defined by two algebraic equations 

of the form 

3 = 4i (x, y), t = ^ 2 (as, y). (64) 

If x, y be taken for parameters in finding the functions P ij} and if the real and 
imaginary parts of u are given by 

u=!- + iyi, w = £ — t>, 

then equations (63) are expressible in the form 

4>i ( x > y) = £, $2 (x, y) = V, 

where fa and fa are algebraic. Eliminating y and x from these two equations, 
we have respectively algebraic equations of the form 

F l {z,£,v) = 0, F,(y,£,n) = 0. 
Moreover, by means of (64) we get two other algebraic equations 

F 3 (z,Z,n) = o, i^(a,>7) = o. 
Consequently (cf. 42) the real part of each of the functions 

f 1 = <p — uq/ + >V, /„ = ♦ — uqt — <V, 1 . > 

is an algebraic function of £ and y\ ; hence, by the above Weierstrass theorem 
the functions f lt / 2 , f s , / 4 defined by (65) are algebraic functions of u. But 

♦ =^(/l + A)-|(/l-/4), 

Therefore, the functions 4) and 1^ are algebraic functions of u, and in like 
manner fa and 1^0 are algebraic functions of u . 

§ 8. Associate Minimal Surfaces. Formulas of Schwarz. 

Just as in the case of ordinary minimal surfaces in three-space, if a minimal 
surface in plane four-space is defined by (35), the equations of the form 

x a = e u f 1 + e- ia fa, ...., (66) 

where a denotes a constant, define a family of applicable minimal surfaces which 
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we say are associate to (35) and to one another. We denote by S a the surface 
whose equations are (66) for a definite value of a. 

If x, y, z, i denote the coordinates of the adjoint surface denned by (66), 
when a = n/2, the equations (66) may be written 

x a = cos a x + sin a x, (67) 

Hence, the applicability of a family of associate minimal surfaces may be 
expressed in the form : 

A minimal surface admits of a continuous deformation into a series of minimal 
surfaces, and in the deformation each point of the surface describes an ellipse whose 
plane passes through a fixed point which is the center of the ellipse.* 

From equations (35) and (66) we find that tangents to corresponding curves 
on S and S a make the angle a with one another. ~\ 

Referring to equations (42) we see that the surfaces associate to S are 
determined by the functions 

<pe u , ftflr*-, ^ ^-\ (68) 

From this result and the expressions (62) for the direction-cosines of the tangent 
plane to S it follows that 

The tangent planes at corresponding points of a family of associate minimal 
surfaces are parallel. 

From (29) it follows that the function / has the same value at correspond- 
ing points on S and S a . Moreover, from (28) we have that each of the functions 
D for S a is equal to the product of e ia and the corresponding D for S, and each 
D" for S a , the product of e~ w and the corresponding D" for S. 

We consider now the point on the characteristic of S, at the point (u, u Q ) t 
corresponding to a given direction 

du { 
du 



- — M(u,u ). (69) 



If X a) F a , Z a , T a denote the coordinates of the point on the characteristic for 
S a at (w, u ) corresponding to the direction 

£°=M(u,u o y«, (70) 

* Cf. E., p. 264. t Cf. Levi, loc. cit., p. 94. 
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we have from equations (39) and similar ones for S a 

X a -x a = X-x, Y a -y a =Y-y, (71) 

Since the tangent planes to S and S a at (u, u ) are parallel, so also are the 
normal planes. From this result and equations (71) we have the theorem : 

The characteristics at corresponding points of a family of associate surfaces are 
equal ellipses, similarly placed in parallel planes. 

We shall say that two points on the characteristics which are in the relation 
(71) are congruent, since they can be made to coincide by a translation of either 
surface such that corresponding points on the two surfaces coincide also. One 
finds without difficulty that the curves (70) on S make the angle a/ 2 with the 
curves (69). Hence, we have the theorem : 

Let P and P a be congruent points on corresponding characteristics of S and an 
associate S a ; to the direction on S a determining P a corresponds on S a direction 
making the angle a/ 2 with the direction determining P. 

From the definition of lines of curvature of a surface, we have as a corollary 
of the preceding theorem : 

The curves on S corresponding to lines of curvature on S a make the constant 
angle a/ 2 with the lines of curvature on S* 

This follows likewise from (46) and the equations of the lines of curvature 
on S a , namely 

ft-Udu 1 — e~ zu U d4 — 0. 

In fact, in terms of the functions u and v (cf. 48), the finite equations of the lines 
of curvature on 8 a are 

cos - u — sin - v = const., 
2 2 ' 

sin - u + cos - v = const., 
cos - {u — v) — sin -(« + «) = const., 

2 2 

sin - (u — v) + cos - (ii + v) = const. 

*Cf. E., p. 264. 
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The foregoing results may be obtained also by means of the formula (51) 
of the radius of normal curvature. 

A minimal surface and its adjoint possess the property of orthogonality 
of linear elements, expressed by 

dxdx -\- dydy -f- dzdz + dtdt = 0. (72) 

Since the tangent plane to S„ l% is parallel to the tangent plane of S, we 
have 



(73) 
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dz x 
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From (72), (73) and § 7 we 


obtair 


i 




dx x 






dy! 


Pizdy + Pxzdz + P u dt' 


~Pm 


dz + P^dt + P sx dx 


dz x 






dt x 



P u dt + P 3x dx + P z% dy P a dx + P i2 dy + P i3 dz 



= a, 



(74) 



where X denotes the common value. By means of (62), (42) and (67), it may be 
shown that Jl = 1. Hence we have in (74) a set of formulas analogous to the 
celebrated formulas of Schwarz for ordinary minimal surfaces.* 

As in the case of ordinary minimal surfaces, these formulas enable one to 
find a minimal surface passing through a given curve in space and tangent to a 
given plane at each point. In fact, it may be shown that if a:, y, z, t as functions 
of a real parameter v define a curve in space, and P ti as functions of v determine 
planes passing through corresponding points of the curve, one at each point, and 
if a denotes a complex variable, and R(6) the real part of an analytic function 
of o, then the equations 



P lz dy + P ls dz + P u 

V 



dt 



and similar expressions for y lf z lf t x define the minimal surface desired. 



* Cf. E., p. 264. 
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As a consequence of this result we have the theorems analogous to theorems 
in the theory of ordinary minimal surfaces : * 

If a straight line lies in a minimal surface, the surface is symmetric with respect 
to this line. 

If a hyperplane is normal to a surface at all of its points of intersection, the 
surface is symmetric with respect to the plane. 

Princeton University, June, 1911. 

*Cf. E., pp. 266, 267. 



